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Hardware & Programming
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1 Introduction

2 Eigenvalues and Eigenvectors

3 Advanced: Power Method
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Introduction

Recap — Linear Algebra

Eigenvalues and eigenvectors
Given a square matrix A ∈ ℝ𝑛×𝑛, we say that 𝜆 ∈ ℂ is an eigenvalue of
A and x ∈ ℂ𝑛 is the corresponding eigenvector if

Ax = 𝜆x, x ≠ 0

Denis Helic (ISDS, TU Graz) KDDM1 May 3, 2020 4 / 47



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Introduction

Recap — Linear Algebra

Symmetric matrices: all eigenvalues are real, eigenvectors are
orthonormal and form an eigenbasis
We can decompose symmetric A as Q𝚲Q𝑇

Q is an orthonormal matrix (QQ𝑇 = Q𝑇Q = I) where colums are
the eigenvectors
𝚲 = diag(𝜆1, … , 𝜆𝑛)
If we can factorize symmetric A = B𝑇B then A is positive
semi-definite and all eigenvalues are non-negative
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Eigenvalues and Eigenvectors in Dynamical Systems

Eigenvalues and eigenvectors

Eigenvalues and eigenvectors
Given a square matrix A ∈ ℝ𝑛×𝑛, we say that 𝜆 ∈ ℂ is an eigenvalue of
A and x ∈ ℂ𝑛 is the corresponding eigenvector if

Ax = 𝜆x, x ≠ 0
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

Example
Suppose we have a Web-based question-answer system, where standard
users (S) post questions about certain topics expert (E) and other users
answer those questions. For example, Stackoverflow is an example of such
a system. The questions are about programming, software development,
and so on. We observe the following developments with our system:

The system is very successful and we observe increasing numbers of
both standard (S) as well as expert users (E). Each month we have 4x
more (S) users and 2x more (E) users.
The numbers of these two different types of users seem to be
decoupled because we can not observe that they affect each other.
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

Example
This decoupling may arise in the following situation:

The standard users (S) talk only to each other: “Hey, there is this
great system where you get all the answers from experts very quickly”.
The expert users (E) also talk only to each other: “Hey, there is this
great system where you can show what you know and become popular
very quickly”.
(S) and (E) do not talk to each other and do not influence each other.

Note
Such a system is completely hypothetical and is not realistic, but
illustrates very well the educational point.
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

Question
How will our system develop? How many standard users (S) we will have
in e.g. two, three, .. years. How many expert users (E), and hence how
many users in total.

Model
Let us denote the number of standard users (S) with 𝑥 and the number of
expert users (E) with 𝑦, or in matrix notation:

u = (𝑥
𝑦)
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

Model
We know from the data that 𝑥 increases four times each month and 𝑦
increases two times each month:

𝑥(𝑡 + 1) = 4𝑥(𝑡)
𝑦(𝑡 + 1) = 2𝑦(𝑡),

where 𝑥(𝑡) is the number of e.g. standard users in month 𝑡 and 𝑥(𝑡 + 1) is
the number of standard users next month.
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

How does the system evolve?

𝑥(1) = 4 ⋅ 𝑥(0)
𝑦(1) = 2 ⋅ 𝑦(0)

𝑥(2) = 4 ⋅ 𝑥(1) = 4 ⋅ 4 ⋅ 𝑥(0) = 42 ⋅ 𝑥(0)
𝑦(2) = 2 ⋅ 𝑦(1) = 2 ⋅ 2 ⋅ 𝑦(0) = 22 ⋅ 𝑦(0)
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

𝑥(3) = 4 ⋅ 𝑥(2) = 4 ⋅ 42 ⋅ 𝑥(0) = 43 ⋅ 𝑥(0)
𝑦(3) = 2 ⋅ 𝑦(2) = 2 ⋅ 22 ⋅ 𝑦(0) = 23 ⋅ 𝑦(0)

𝑥(𝑡 + 1) = 4 ⋅ 𝑥(𝑡) = 4 ⋅ 4𝑡 ⋅ 𝑥(0) = 4𝑡+1 ⋅ 𝑥(0)
𝑦(𝑡 + 1) = 2 ⋅ 𝑦(𝑡) = 2 ⋅ 2𝑡 ⋅ 𝑦(0) = 2𝑡+1 ⋅ 𝑦(0)
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

How does the system evolve?
Suppose we have the following initial conditions: we have a single
standard user (S) and a single expert user (E) in the beginning.
How the numbers of standard and expert users compare after e.g. five
years?

𝑥(0) = 1
𝑦(0) = 1

𝑥(60) = 460 ⋅ 𝑥(0) = 460

𝑦(60) = 260 ⋅ 𝑦(0) = 260
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

The ratio: 𝑥
𝑦

𝑥60

𝑦60 = 460

260 = 260

260 is a huge number, i.e. standard users (S) completely dominate
the expert users (E)
The total number of users is approx. equal to the number of standard
users (S)
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

But, how is this related to the eigenvalues and eigenvectors?

Model
We can express the previous equations in the matrix form:

u(𝑡 + 1) = Au(𝑡)
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

A = (4 0
0 2)

u = (𝑥
𝑦)
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

A = (4 0
0 2)

𝑑𝑒𝑡(𝜆I − A) = 𝑑𝑒𝑡((𝜆 − 4 0
0 𝜆 − 2)) = (𝜆 − 4)(𝜆 − 2)

Thus, 𝜆1 = 4, and 𝜆2 = 2 are eigenvalues of A
The eigenvalues of a diagonal matrix are equal to its diagonal
entries
We now solve Ax = 𝜆x for each eigenvalue to find the corresponding
eigenvectors
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

For 𝜆1 = 4

(4 0
0 2) (𝑥

𝑦) = 4 (𝑥
𝑦)

4𝑥 = 4𝑥
𝑦 = 4𝑦

Thus, 𝑦 = 0 and we might pick 𝑥 = 1, i.e. v1 = (1
0)
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

For 𝜆1 = 2

(4 0
0 2) (𝑥

𝑦) = 2 (𝑥
𝑦)

4𝑥 = 𝑥
𝑦 = 𝑦

Thus, 𝑥 = 0 and we might pick 𝑦 = 1, i.e. v2 = (0
1)

The eigenvectors of a diagonal matrix form a standard basis for
a Euclidean space
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

But, how is this related to the eigenvalues and eigenvectors?

Model
We can express the previous equations in the matrix form:

u(𝑡 + 1) = Au(𝑡)
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

How does the system evolve (in matrix form)?

u(1) = Au(0)

u(2) = Au(1) = AAu(0) = A2u(0)

u(3) = Au(2) = AA2u(0) = A3u(0)

u(𝑡 + 1) = Au(𝑡) = AA𝑡u(0) = A𝑡+1u(0)
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

Since the eigenvectors form a basis for the space
We can write u(0) as a linear combination of the eigenvectors v𝑖 of
the matrix (for appropriate choice of constants 𝑐𝑖)

v1 = (1
0)

v2 = (0
1)

u(0) = 𝑐1v1 + 𝑐2v1
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

We have the following initial conditions: we have a single standard
user (S) and a single expert user (E) in the beginning.

u(0) = (1
1)

(1
1) = (1

0) + (0
1)

u(0) = v1 + v2

Denis Helic (ISDS, TU Graz) KDDM1 May 3, 2020 23 / 47



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

We know from before:

u(𝑡 + 1) = A𝑡+1u(0)

u(𝑡 + 1) = A𝑡+1(v1 + v2) = A𝑡+1v1 + A𝑡+1v2
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

We have: Av1 = 𝜆1v1 and Av2 = 𝜆1v2
By substituting:

u(𝑡 + 1) = A𝑡+1v1 + A𝑡+1v2 = 𝜆𝑡+1
1 v1 + 𝜆𝑡+1

2 v2

u(𝑡 + 1) = 4𝑡+1 (1
0) + 2𝑡+1 (0

1)
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

After five years:

u(60) = 460 (1
0) + 260 (0

1)

460 is a much larger number than 260

The first term dominates the second
Standard users (S) completely dominate the expert users (E)
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

The system evolves along the directions of the matrix eigenvectors
The eigenvalues determine the speed of the development
Larger eigenvalues represent quicker development and dominant
behavior
In the long run the system develops in the direction of the eigenvector
corresponding to the largest eigenvalue
This is the leading eigenvector and leading eigenvalue
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

Another example: a coupled system (more realistic)
The number of standard users (S) is influenced also by the number of
expert users (E)
I.e. a famous expert joins the system and as a consequence a lot of
standard users joins as well
Also, the number of expert users is influenced by the number of
standard users
Experts like to have an audience and are therefore attracted to the
system
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

Model
Let say that we know from the data how 𝑥 and 𝑦 increase each month.
For example:

𝑥(𝑡 + 1) = 3𝑥(𝑡) + 6𝑦(𝑡)
𝑦(𝑡 + 1) = 𝑥(𝑡) + 4𝑦(𝑡),

where 𝑥(𝑡) is the number of e.g. standard users in month 𝑡 and 𝑥(𝑡 + 1) is
the number of standard users next month.
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

Again, in matrix form:

u(𝑡 + 1) = Au(𝑡)

A = (3 6
1 4)

u = (𝑥
𝑦)
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

A = (3 6
1 4)

𝑑𝑒𝑡(𝜆I − A) = 𝑑𝑒𝑡((𝜆 − 3 −6
−1 𝜆 − 4)) = (𝜆 − 3)(𝜆 − 4) − (−1)(−6)

= 𝜆2 − 3𝜆 − 4𝜆 + 12 − 6 = 𝜆2 − 7𝜆 + 6
= (𝜆 − 6)(𝜆 − 1)

Thus, 𝜆1 = 6, and 𝜆2 = 1 are eigenvalues of A
We now solve Ax = 𝜆x for each eigenvalue to find the corresponding
eigenvectors
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

For 𝜆1 = 6

(3 6
1 4) (𝑥

𝑦) = 6 (𝑥
𝑦)

3𝑥 + 6𝑦 = 6𝑥 ⟹ 3𝑥 = 6𝑦 ⟹ 𝑥 = 2𝑦
𝑥 + 4𝑦 = 6𝑦 ⟹ 𝑥 = 2𝑦

Thus, we might pick 𝑦 = 1 and then 𝑥 = 2, i.e. v1 = (2
1)
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

For 𝜆1 = 1

(3 6
1 4) (𝑥

𝑦) = (𝑥
𝑦)

3𝑥 + 6𝑦 = 𝑥 ⟹ 2𝑥 = −6𝑦 ⟹ 𝑥 = −3𝑦
𝑥 + 4𝑦 = 𝑦 ⟹ 𝑥 = −3𝑦

Thus, we might pick 𝑦 = 1 and then 𝑥 = −3, i.e. v2 = (−3
1 )
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

We know that he system evolves along the directions of the matrix
eigenvectors
The eigenvalues determine the speed of the development
Larger eigenvalues represent quicker development and dominant
behavior
In the long run the system develops in the direction of the eigenvector
corresponding to the largest eigenvalue
This is the leading eigenvector and leading eigenvalue
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

We can write u(0) as a linear combination of the eigenvectors v𝑖 of
the matrix (for appropriate choice of constants 𝑐𝑖)

v1 = (2
1)

v2 = (−3
1 )

u(0) = 𝑐1v1 + 𝑐2v1
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

We have the following initial conditions: we have a single standard
user (S) and a single expert user (E) in the beginning.

u(0) = (1
1)

(1
1) = 4

5 (2
1) + 1

5 (−3
1 )

u(0) = 4
5v1 + 1

5v2
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

As before we have:

u(𝑡 + 1) = 4
5A𝑡+1v1 + 1

5A𝑡+1v2 = 4
5𝜆𝑡+1

1 v1 + 1
5𝜆𝑡+1

2 v2

u(𝑡 + 1) = 4
56𝑡+1 (2

1) + 1
5 (−3

1 )
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Eigenvalues and Eigenvectors in Dynamical Systems

Interpretation of eigenvalues and eigenvectors

After five years:

u(60) = 4
5660 (2

1) + 1
5 (−3

1 )

The first term dominates the second
There are twice as many standard users (S) as expert users (E)
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Advanced: Power Method

Advanced: Power Method

Since the eigenvectors form a basis for the vector space (e.g. in case
of a symmetric matrix)
We can write u(0) as a linear combination of the eigenvectors v𝑖 of
the matrix (for appropriate choice of constants 𝑐𝑖)

u(0) = ∑
𝑖

𝑐𝑖v𝑖

u(𝑡) = A𝑡 ∑
𝑖

𝑐𝑖v𝑖 = ∑
𝑖

𝑐𝑖A𝑡v𝑖 = ∑
𝑖

𝑐𝑖𝜆𝑡
𝑖v𝑖 = 𝜆𝑡

1 ∑
𝑖

𝑐𝑖 [ 𝜆𝑖
𝜆1

]
𝑡
v𝑖
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Advanced: Power Method

Advanced: Power Method

u(𝑡) = 𝜆𝑡
1 ∑

𝑖
𝑐𝑖 [ 𝜆𝑖

𝜆1
]

𝑡
v𝑖

𝜆𝑖 are eigenvalues, and 𝜆1 is the largest of themselves
𝜆𝑖
𝜆1

< 1 for all 𝑖 > 1

When 𝑡 → ∞ 𝜆𝑖
𝜆1

→ 0, for all 𝑖 > 1
When 𝑡 → ∞ u(𝑡) → 𝑐1𝜆𝑡

1v1
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Advanced: Power Method

Advanced: Power Method

In other words, the limiting behavior of the system is proportional to
the leading eigenvector of the matrix
The system evolves in the direction of the eigenvectors
However, the leading eigenvector dominates all other eigenvectors
The limiting behavior is therefore dominated by the leading eigenvalue
and the leading eigenvector
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Advanced: Power Method

Advanced: Power Method

Typically, we would calculate the leading eigenvector and leading
eigenvalue iteratively
A standard approach is the power method
We make an initial guess about the eigenvector x0

Then we iteratively calculate x𝑡 (which converges to the leading
eigenvector)

x𝑡 = Ax(𝑡−1)

||Ax(𝑡−1)||2
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Advanced: Power Method

Advanced: Power Method

In other words, the limiting vector is approximately equal the leading
eigenvector of the matrix
At the end of the iteration the leading (principal) eigenvalue can be
calculated as:

𝜆1 = x𝑇Ax
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Advanced: Power Method

Advanced: Power Method

To find the second eigenpair we create a new matrix A∗ = A − 𝜆1xx𝑇

We then again use the power iteration to calculate the leading
eigenpair of A∗

This leading eigenpair corresponds to the second largest eigenpair of
the original matrix A
Intuitively, we have eliminated the influence of a given eigenvector by
setting its associated eigenvalue to zero
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Advanced: Power Method

Advanced: Power Method

More formally, if A∗ = A − 𝜆1xx𝑇 where 𝜆1 is the leading eigenvalue
of A and x is the leading eigenvector of A then

1 x is also an eigenvector of A∗ where the corresponding eigenvalue is 0.
2 If v and 𝜆𝑣 are eigenpair of A other then the principal eigenpair that

they are also an eigenpair of A∗
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Advanced: Power Method

Advanced: Power Method

Proof.
We assume that A is a symmetric matrix

1 A∗x = (A − 𝜆1xx𝑇)x = Ax − 𝜆1xx𝑇x = Ax − 𝜆1x = 0 = 0x
2 A∗v = (A∗)𝑇v = (A − 𝜆1xx𝑇)𝑇v = A𝑇v − 𝜆1xx𝑇v = A𝑇v = Av = 𝜆𝑣v
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