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Welcome and Introduction

Course context

Network Science (VU) (706.703)
Elective/obligatory course in subject catalogs for CS, SEM, BioMed,
CSS
Catalogs: “Data Science”, “Machine Learning”, “Algorithms and
Theoretical CS”, ...
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Welcome and Introduction

Goals of the course

To learn about the fundamentals of network science
To understand the relation between network structure and its function
To analyze a real-world network
To simulate a process on a network
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Welcome and Introduction

Goals of the course

Student goals: to pass the examination
Bonus goal for all: to have fun!
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Course Organization

Course Topics

Mathematics of networks
Measuring network properties
Graph partitioning and community detection
Structure vs. Function

Network Function
Intro to Dynamical Systems
Epidemics
Dynamical systems on networks
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Course Organization

Course Calendar (VU/706.703)

06.10.2023: Course organization / Mathematics of networks
13.10.2023: Mathematics of networks (cont.)
20.10.2023: Mathematics of networks (cont.)
24.10.2023: Mathematics of networks (cont.)
03.11.2023: Measuring network properties
10.11.2023: Measuring network properties (cont.)
17.11.2023: Measuring network properties (cont.)
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Course Organization

Course Calendar (VU/706.703)

24.11.2023: Graph partitioning and community detection
01.12.2023: Graph partitioning and community detection (cont.)
12.12.2023: Graph partitioning and community detection (cont.)
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Course Organization

Course Calendar (VU/706.703)

15.12.2023: Network Function / Intro to Dynamical Systems
12.01.2024: Epidemics
19.01.2024: Dynamical systems on networks
26.01.2024: Presentations of student projects
30.01.2024: Presentations of student projects
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Course Organization

Course Logistics

Course website:
https://courses.isds.tugraz.at/dhelic/netsci/index.html
Communication/Homework/Project in TeachCenter
https://tc.tugraz.at/main/course/view.php?id=3150
Slides & videos are available on the course website and TC
Additional readings, references, links, etc. on the website

Denis Helic (ISDS, TU Graz) NetSci October 6, 2023 12 / 28

https://courses.isds.tugraz.at/dhelic/netsci/index.html
https://tc.tugraz.at/main/course/view.php?id=3150


Course Organization

Grading

4 Exercises + one network analysis project
Programming
Each exercise 10 points
Project 40 points
Total 80 points
Minimal requirements:

1 First two homework sheets: minimum of 10 points
2 Last two homework sheets: minimum of 10 points
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Course Organization

Grading

0-40 points: 5
41-50 points: 4
51-60 points: 3
61-70 points: 2
71-80 points: 1
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Course Organization

Questions?

Raise them now!
Ask after the lecture
Post a question in TC forum
Visit me in the office hours
Send me an e-mail
As a side note: you should(!) interrupt me immediately and ask any
question you might have during the lecture
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Motivation

Networks

Definition
A network is a set of items called nodes and connections between those
items called links.

Terminology clarification:
Mathematics: vertices (vertex) and edges
Physics: sites and bonds
Sociology: actors and ties
Computer science: nodes and links
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Motivation

Example of a simple network

2 The structure and function of complex networks

I. INTRODUCTION

A network is a set of items, which we will call vertices
or sometimes nodes, with connections between them,
called edges (Fig. 1). Systems taking the form of net-
works (also called “graphs” in much of the mathematical
literature) abound in the world. Examples include the In-
ternet, the World Wide Web, social networks of acquain-
tance or other connections between individuals, organi-
zational networks and networks of business relations be-
tween companies, neural networks, metabolic networks,
food webs, distribution networks such as blood vessels
or postal delivery routes, networks of citations between
papers, and many others (Fig. 2). This paper reviews re-
cent (and some not-so-recent) work on the structure and
function of networked systems such as these.

The study of networks, in the form of mathematical
graph theory, is one of the fundamental pillars of dis-
crete mathematics. Euler’s celebrated 1735 solution of
the Königsberg bridge problem is often cited as the first
true proof in the theory of networks, and during the twen-
tieth century graph theory has developed into a substan-
tial body of knowledge.

Networks have also been studied extensively in the so-
cial sciences. Typical network studies in sociology involve
the circulation of questionnaires, asking respondents to
detail their interactions with others. One can then use
the responses to reconstruct a network in which vertices
represent individuals and edges the interactions between
them. Typical social network studies address issues of
centrality (which individuals are best connected to others
or have most influence) and connectivity (whether and
how individuals are connected to one another through
the network).

Recent years however have witnessed a substantial new
movement in network research, with the focus shifting
away from the analysis of single small graphs and the
properties of individual vertices or edges within such
graphs to consideration of large-scale statistical proper-
ties of graphs. This new approach has been driven largely
by the availability of computers and communication net-
works that allow us to gather and analyze data on a
scale far larger than previously possible. Where stud-
ies used to look at networks of maybe tens or in extreme
cases hundreds of vertices, it is not uncommon now to see
networks with millions or even billions of vertices. This
change of scale forces upon us a corresponding change in

edge

vertex

FIG. 1 A small example network with eight vertices and ten
edges.

our analytic approach. Many of the questions that might
previously have been asked in studies of small networks
are simply not useful in much larger networks. A social
network analyst might have asked, “Which vertex in this
network would prove most crucial to the network’s con-
nectivity if it were removed?” But such a question has
little meaning in most networks of a million vertices—no
single vertex in such a network will have much effect at all
when removed. On the other hand, one could reasonably
ask a question like, “What percentage of vertices need to
be removed to substantially affect network connectivity
in some given way?” and this type of statistical question
has real meaning even in a very large network.

However, there is another reason why our approach
to the study of networks has changed in recent years, a
reason whose importance should not be underestimated,
although it often is. For networks of tens or hundreds
of vertices, it is a relatively straightforward matter to
draw a picture of the network with actual points and lines
(Fig. 2) and to answer specific questions about network
structure by examining this picture. This has been one of
the primary methods of network analysts since the field
began. The human eye is an analytic tool of remarkable
power, and eyeballing pictures of networks is an excellent
way to gain an understanding of their structure. With
a network of a million or a billion vertices however, this
approach is useless. One simply cannot draw a mean-
ingful picture of a million vertices, even with modern 3D
computer rendering tools, and therefore direct analysis
by eye is hopeless. The recent development of statistical
methods for quantifying large networks is to a large ex-
tent an attempt to find something to play the part played
by the eye in the network analysis of the twentieth cen-
tury. Statistical methods answer the question, “How can
I tell what this network looks like, when I can’t actually
look at it?”

The body of theory that is the primary focus of this
review aims to do three things. First, it aims to find sta-
tistical properties, such as path lengths and degree distri-
butions, that characterize the structure and behavior of
networked systems, and to suggest appropriate ways to
measure these properties. Second, it aims to create mod-
els of networks that can help us to understand the mean-
ing of these properties—how they came to be as they are,
and how they interact with one another. Third, it aims
to predict what the behavior of networked systems will
be on the basis of measured structural properties and the
local rules governing individual vertices. How for exam-
ple will network structure affect traffic on the Internet, or
the performance of a Web search engine, or the dynamics
of social or biological systems? As we will see, the scien-
tific community has, by drawing on ideas from a broad
variety of disciplines, made an excellent start on the first
two of these aims, the characterization and modeling of
network structure. Studies of the effects of structure on
system behavior on the other hand are still in their in-
fancy. It remains to be seen what the crucial theoretical
developments will be in this area.Figure: A small network with 8 nodes and 10 links. From: The structure and

function of complex networks, Newman, 2003.
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Motivation

Graphs vs. Networks

Mathematical graph theory
Analytical approach to studying of small graphs (typically tens or
hundreds of nodes)
With the emergence of ICT technology we are able to analyze large
graphs that exist in nature, societies, technologies, etc.
Now, we are considering large-scale statistical properties of graphs
Network science deal with the empirical analysis of large graphs
(networks) that occur in different areas
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Motivation

Types of networks

Nodes connected by links is the simplest type of network
Different types of nodes
Different types of links
Nodes and links can carry weights
Links can be directed, i.e. pointing in only one direction
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Motivation

Types of networks
4 The structure and function of complex networks

(b)

(d)

(a)

(c)

FIG. 3 Examples of various types of networks: (a) an undi-
rected network with only a single type of vertex and a single
type of edge; (b) a network with a number of discrete ver-
tex and edge types; (c) a network with varying vertex and
edge weights; (d) a directed network in which each edge has
a direction.

in which people are joined together by common member-
ship of groups take this form, the two types of vertices
representing the people and the groups. Graphs may also
evolve over time, with vertices or edges appearing or dis-
appearing, or values defined on those vertices and edges
changing. And there are many other levels of sophistica-
tion one can add. The study of networks is by no means
a complete science yet, and many of the possibilities have
yet to be explored in depth, but we will see examples of
at least some of the variations described here in the work
reviewed in this paper.

The jargon of the study of networks is unfortunately
confused by differing usages among investigators from
different fields. To avoid (or at least reduce) confusion,
we give in Table I a short glossary of terms as they are
used in this paper.

B. Other resources

A number of other reviews of this area have appeared
recently, which the reader may wish to consult. Albert
and Barabási [13] and Dorogovtsev and Mendes [120]
have given extensive pedagogical reviews focusing on the
physics literature. Both devote the larger part of their at-
tention to the models of growing graphs that we describe
in Sec. VII. Shorter reviews taking other viewpoints have
been given by Newman [309] and Hayes [189, 190], who
both concentrate on the so-called “small-world” models
(see Sec. VI), and by Strogatz [387], who includes an in-
teresting discussion of the behavior of dynamical systems
on networks.

A number of books also make worthwhile reading.
Dorogovtsev and Mendes [122] have expanded their
above-mentioned review into a book, which again fo-
cuses on models of growing graphs. The edited volumes
by Bornholdt and Schuster [70] and by Pastor-Satorras

and Rubi [330] both contain contributed essays on var-
ious topics by leading researchers. Detailed treatments
of many of the topics covered in the present work can be
found there. The book by Newman et al. [320] is a col-
lection of previously published papers, and also contains
some review material by the editors.

Three popular books on the subject of networks merit
a mention. Albert-László Barabási’s Linked [31] gives
a personal account of recent developments in the study
of networks, focusing particularly on Barabási’s work on
scale-free networks. Duncan Watts’s Six Degrees [414]
gives a sociologist’s view, partly historical, of discoveries
old and new. Mark Buchanan’s Nexus [76] gives an en-
tertaining portrait of the field from the point of view of
a science journalist.

Farther afield, there are a variety of books on the study
of networks in particular fields. Within graph theory the
books by Harary [188] and by Bollobás [62] are widely
cited and among social network theorists the books by
Wasserman and Faust [409] and by Scott [363]. The book
by Ahuja et al. [7] is a useful source for information on
network algorithms.

C. Outline of the review

The outline of this paper is as follows. In Sec. II we de-
scribe empirical studies of the structure of networks, in-
cluding social networks, information networks, technolog-
ical networks and biological networks. In Sec. III we de-
scribe some of the common properties that are observed
in many of these networks, how they are measured, and
why they are believed to be important for the functioning
of networked systems. Sections IV to VII form the heart
of the review. They describe work on the mathematical
modeling of networks, including random graph models
and their generalizations, exponential random graphs,
p∗ models and Markov graphs, the small-world model
and its variations, and models of growing graphs includ-
ing preferential attachment models and their many vari-
ations. In Sec. VIII we discuss the progress, such as it
is, that has been made on the study of processes taking
place on networks, including epidemic processes, network
failure, models displaying phase transitions, and dynam-
ical systems like random Boolean networks and cellular
automata. In Sec. IX we give our conclusions and point
to directions for future research.

II. NETWORKS IN THE REAL WORLD

In this section we look at what is known about the
structure of networks of different types. Recent work
on the mathematics of networks has been driven largely
by observations of the properties of actual networks and
attempts to model them, so network data are the ob-
vious starting point for a review such as this. It also
makes sense to examine simultaneously data from dif-

Figure: Various types of networks. From: The structure and function of complex
networks, Newman, 2003.
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Motivation

Networks

Social networks. Nodes are people and links are acquaintances,
friendship, and so on.
Communication networks. Internet: nodes are computers and links
are cables connecting computers
Biological networks. Metabolism: nodes are substances and links are
metabolic reactions
Information networks. Web: nodes are Web pages and links are
hyperlinks connecting pages
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Motivation

Networks
6 How to search in a small world

Pajek

Figure 2: HP Labs’ email communication (light grey lines) mapped onto the organizational
hierarchy (black lines). Note that communication tends to “cling” to the formal organizational
chart.

with one another. The h-distance, used to navigate the network, is computed as
follows: individuals have h-distance one to their manager and to everyone they share
a manager with. Distances are then recursively assigned, so that each individual
has h-distance 2 to their first neighbor’s neighbors, and h-distance 3 to their second
neighbor’s neighbors, etc.

The optimum relationship derived in [7] for the probability of linking would be
inversely proportional to the size of the smallest organizational group that both indi-
viduals belong to. However, the observed relationship, shown in Figure 5 is slightly
off, with p ∼ g−3/4, g being the group size. This means that far-flung collaborations
occur slightly more often than would be optimal for the particular task of searching, at
the expense of short range contacts. The tendency for communication to occur across
the organization was also revealed in an analysis utilizing spectroscopy methods on
the same email network [12]. While collaborations mostly occurred within the same
organizational unit, they also occasionally bridged different parts of the organization
or broke up a single organizational unit into noninteracting subgroups.

Given the close correspondence between the assumptions of the models regarding
group structure and the email network, we expected greedy strategies using the orga-
nizational hierarchy to work fairly well. Indeed, this was confirmed in our simulations.

Figure: Social network of HP Labs constructed out of e-mail communication.
From: How to search a social network, Adamic, 2005.
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Motivation

Networks

Figure: Network of pages and hyperlinks on a Website. From: Networks, Mark
Newman, 2011.
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Motivation

Network science: what is it all about?

Some phenomena are best understood through relations between
individuals
For example, human communication
We do not investigate the individuals but the processes that emerge
through their interaction with each other
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Motivation

Network science: what is it all about?

Scientific approach:

while(True){
observe
measure
quantify
model
compute conseqeunces
compare with observation

}
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Motivation

Network science: what is it all about?

Sisyphean task?
Real driving force: curiosity, which leads to learning and in the long
run expertise
Proper attitude: scepticism
Richard Feynman: ”Science is the organized skepticism in the
reliability of expert opinion.”
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Motivation

Network science: Success stories

Page Rank
Web as a graph
Network evolution: preferential attachment
Power law networks
Six degrees of separation: small world networks
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Motivation

Network science: some highlights

Centralities
Spectral clustering
Epidemics
Simulation of network dynamics
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